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Abstract 
In this paper, the fatigue crack initiation in notched single-crystal test specimens of material MD2 is investigated and analysed. A 
critical plane approach is adopted, in which the total strain ranges on the discrete slip planes are evaluated. Furthermore, a 
Coffin-Manson type of expression is used to describe the number of cycles to fatigue crack initiation. This relation is determined 
from a set of smooth test specimens loaded uniaxially in the [001], [011] and [Ư11] directions at 500ºC with Rİ = í1. The 
numerical procedure is then applied to a series of experiments, in which notched single-crystal test specimens were exposed to 
uniaxial cyclic loading in the [001] direction at 500oC with Rİ = 0.  
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1. Introduction 
The service life of gas turbine components is frequently limited by the fatigue life of critical notched areas. Most 
turbine blades have a variety of features like holes, interior passages, curves and notches, which may raise the local 
stress level to the point where plastic flow occur. As an example, centrifugal forces may cause local plastic strains at 
the attachment surfaces of the turbine blades, which in turn may lead to fatigue damage. The state of the art 
materials used for the first stage of gas turbine blades are single-crystal nickel-base superalloys, which have 
excellent mechanical properties in very hot environments [1]. These alloys have a face-centered-cubic (FCC) crystal 
structure, with well defined slip planes. However, the elastic and plastic anisotropy of single-crystal materials make 
the prediction of the fatigue life rather complex. Insufficient knowledge of the fatigue behaviour often leads to the 
use of large safety factors which, in turn, lead to strongly conservative designs and, consequently, loss in 
performance and efficiency. 
As the component is cyclically loaded, plastic flow will take place along the slip planes and eventually so called 
persistent slip bands (PSB) start to appear, which might act as fatigue crack initiation points, see e.g. Suresh [2]. 
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Thus, it is physically motivated to consider these planes as possible fatigue crack initiation points, and to make use 
of them in a critical plane context. The strength of the critical plane approach is that it predicts not only the fatigue 
life but also the fatigue fracture position. The search algorithm and evaluated entities which are used to find the 
critical plane depend on the dominating fatigue crack mode. Thus, many different critical plane approaches have 
been proposed, some stress based or strain based; others are mixed, see e.g. [3]-[6]. As an example, both Arakere et
al. [7] and Naik et al. [8] investigated single-crystal superalloys exposed to high cycle fatigue (HCF) by using the 
critical plane approach. They found that the critical plane theory can be applied to single-crystal superalloys with 
good agreement with experimentally obtained fatigue initiation data. 
The objective of this paper is to examine the low cycle fatigue (LCF) behaviour at 500ºC of a single-crystal 
nickel-base superalloy with use of the critical plane theory. From a set of smooth test specimens, a life function 
(Coffin-Manson type of expression) is set up for the specific material, based on the maximum total shear strain 
range on a slip system. The life function is then applied to notched test specimens subjected to uniaxial cyclic 
loading in the [001] direction with Rİ = 0. 
2. Experiments
2.1. Method 
The chemical composition of the investigated single-crystal superalloy MD2 is (Ni, 5.1Co, 6.0Ta, 8.0Cr, 8.1W, 
5.0Al, 1.3Ti, 2.1Mo, 0.1Hf, 0.1Si, in wt.%). The material was solution heat treated at 1275ºC for 8 h followed by a 
two stage aging process with 3 h at 1100ºC and 24 h at 850ºC. Smooth as well as notched test specimens were 
machined from cast bars with their longitudinal axes parallel to the [001] direction, and also parallel to the [011] and 
[Ư11] directions for the smooth test specimens. The deviation from the ideal orientation was less than 3º for the [011] 
and [-111] specimens, but varied between 1º and 7º for the [001] specimens. The deviation from the ideal orientation 
is listed in Table 1 for each specimen, where the misalignments are defined according to Figure 1. 
The notched test specimens were first manufactured as smooth specimens with the longitudinal axis parallel to 
the [001] direction. Then the head of each specimen was investigated to locate the misaligned secondary crystal 
orientation [100]. The specimens were then machined with the notch centered in the horizontal projection of the 
secondary crystal orientation, see Figure 2.  
Fig. 1. Definition of the specimen misalignments 
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Fig. 2. The location of the secondary crystal orientation with reference to the notched specimen. 
The stress-strain response during cyclic loading, with Rİ = İmin/İmax = -1 for the smooth test specimens and with 
Rİ = 0 for the notched test specimens, was investigated using a servo-hydraulic testing machine with a gauge length 
of 12.5 mm for the smooth test specimens and 15 mm for the notched test specimens. The samples were carefully 
aligned to prevent buckling. The tests were conducted at 500ºC under displacement control with the strain ranges 
listed in Table 1. Twelve tests were performed on smooth test specimens, four in each of the [001], [011] and [Ư11] 
directions, and three on notched test specimens. For each test specimen a different number of cycles to fatigue crack 
initiation was observed, due to loading at different strain ranges and different misalignments, see Table 1 for 
respective test specimens. 
Table 1. Number of cycles to fatigue crack initiation and the strain ranges with the respective misalignment of the smooth (S) and notched (N) 
test specimens 
Specimen ș (°) ĳ (°) Strain range (%) Cycles, Ni
S1[001] 6.8 23.0 1.799 31
S2[001] 0.8 21.9 1.794 18
S3[001] 3.9 25.4 1.597 597
S4[001] 6.1 7.8 1.397 2085
S5[011] 43.9 1.3 1.199 165
S6[011] 41.7 3.0 1.100 529
S7[011] 43.6 2.9 0.901 1296
S8[011] 42.4 4.4 0.798 2849
S9[Ư11] 53.4 44.4 1.006 97
S10[Ư11] 51.4 44.5 0.900 691
S11[Ư11] 52.5 42.1 0.796 1291
S12[Ư11] 52.1 44.4 0.603 3678
N1[001] 6.1 16.1 0.550 507
N2[001] 0.3 10.9 0.450 1834
N3[001] 6.4 27.8 0.400 3164
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The elastic material constants of the MD2 material were determined by resonance measurement at different 
temperatures, and the so obtained component values of the stiffness tensor (C11, C12 and C44) can be found in Table 
2.
Table 2. Elastic constants for MD2, units in GPa 
Temp. (°C) C11 C12 C44 C11-C12
23 246.1 154.4 130.1 91.63 
208 241.0 155.9 121.1 85.13 
418 231.8 152.3 113.7 79.52 
600 221.2 148.0 106.8 73.25 
3. Modelling 
3.1. Constitutive material model 
A number of constitutive models describing the mechanical behaviour of single-crystal superalloys have been 
presented in the literature, see e.g. [9]-[17]. In this paper the recently presented work by Leidermark et al. [9] has 
been considered. This model is based on crystal plasticity and takes Schmid as well as non-Schmid stresses, elastic 
anisotropy and tension/compression asymmetry into account. 
DIn addition to the Schmid stress, , which is the resolved shear stress in the close-packed direction of slip 
system Į, the model by Leidermark et al. also considers the non-Schmid stresses, 
D
, D  and D , used by 
Bassani et al. [10], [11]. Crystallographically, these components correspond to the cubic shear stress in the direction 
of the Burger’s vector, the shear stress on the primary slip plane in the direction of the edge component of the 
Shockley partial and the shear stress on the secondary slip plane in the direction of the edge component of the 
Shockley partial, respectively. Furthermore, the model extends the yield criterion of Bassani and co-workers by also 
including the non-Schmid stresses 
D
 and 
D
, representing the shear stress on the secondary slip plane in the 
direction of the Burger’s vector and the stress deviator component normal to the primary slip plane, respectively. In 
detail, the following macroscopic equivalent stresses, for slip system Į = 1,…,12, were employed 
W pb
W sb
W cb W pe W se
V pn
(1) DDDDDDD VNWNWNWNWNWV pnsepesbcbpbe 54321  
where ț1 through ț5 are weight factors that describe how the non-Schmid stresses affect the yield limit. The first 
three terms in Eq. (1) set the "sizes" of the yield surfaces and the last three terms take the asymmetry in tension and 
compression into account. It is to be noted that the Schmid and non-Schmid stresses, in a modelling context, 
represent the mean value stresses over a matrix with ordered Ȗ’-particles. 
The yield functions for the slip systems are given by 
(2) re Gf  
DD V
where Gr is the slip resistance on the plane, which has the same value for all slip systems. In Leidermark et al. [9] it 
can be seen how the weight factors ț1 through ț5 and Gr can be determined by experimentally obtained yield data. 
Finally, a non-associated flow rule was adopted 
D
D
DD
W
OJ
pb
g
w
w  (3) 
where 
DD W pbg  (4) 
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and where, in order to handle rate independent crystal plasticity, the following viscoplastic flow function was used 
10 ¸¸¹
·
¨¨©
§
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r
e
G
D
D VJO  (5) 
where 0J  and m are regularization parameters given the values 0J  = 0.1 and m = 10. 
3.2. Critical plane model 
As discussed previously, a useful technique for studying fatigue crack initiation in single-crystal material is the 
critical plane theory, where one seeks a critical plane on which a crack can initiate and which contain a critical 
direction along which it may grow. As single-crystal nickel-base superalloys contain an inherent internal structure of 
discrete slip planes and are deformed in preferred slip directions, it is physically motivated that these planes may act 
as potential critical planes, where crack initiation might occur, cf. persistent slip band (PSB), see e.g. [2]. 
In this paper the total shear strain ranges on the crystal planes are investigated for determining the critical slip 
system, i.e. the crystal slip system which experiences the maximum strain range. When the maximum strain range is 
found (in one of the elements describing the component under consideration), it is used in a life function to 
determine the number of cycles to fatigue crack initiation 
(6) 
The life function is assumed to follow a Coffin-Manson type of expression [18], [19], with the following 
structure
(7) 
 iNf ' maxJ
   bii NaNf  
where the constants a and b are to be determined from experiments.  
4. Simulations 
FE-simulations of the test specimens were carried out by the software LS-DYNA version 971 [20], using elastic 
data at 500ºC, found by interpolating the values in Table 2. As the temperature can be seen as homogenous, thus 
yielding perfect expansion, no temperature field was applied to the FE-model. 
The twelve smooth test specimens were simulated with use of the ț-values stated in Table 3, which were obtained 
as specified in the paper of Leidermark et al. [9], by using monotonic tension and compression tests performed at 
500°C, see Table 4. Furthermore, the misalignment and the applied strain range for each test specimen were taken 
into consideration. 
Table 3. Yield surface parameter values 
ț1 ț2 ț3 ț4 ț5 Gr (MPa) 
0.65033 0.36121 -0.0077911 -0.1163 0.082087 573.87 
The maximum total strain range in all crystal slip systems were determined for each smooth test specimen by 
examining all the surface elements in the circumferential direction on the mid part of the rod, see Figure 3. The 
motive for searching in the surface elements, is that a fatigue crack generally starts at the surface, cf. PSB. The 
extracted strain ranges, associated elements and critical slip systems for the simulations of the smooth specimens 
can be found in Table 5. One important result from the simulations is that on all slip systems, the plastic shear is 
very small in comparison with the elastic shear (on some slip systems the plastic shear even vanish). This motivates 
the use of the total shear strain range in Eq. (6). 
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Table 4. Monotonic tension and compression test data 
Specimen ș (°) ĳ (°) Rp0.2 (MPa) 
E12C[001] 6.4 33.2 892
E15T[001] 11.9 28.3 888
H1T[011] 44.7 1.3 845
H3C[011] 45.0 0.9 930
M8C[Ư11] 54.2 44.2 840
M9T[Ư11] 52.9 44.2 833
Each maximum total strain range was plotted versus the corresponding experimentally obtained number of cycles 
to fatigue crack initiation, see Figure 4. A curve fit was then performed, yielding the following life function 
    12018.0max 030742.0   ' ii NNfJ (8) 
The two life parameters a = 0.030742 and b = -0.12018 are then treated as known input data for the simulations 
of the notched test specimens. The exponent b = -0.12018 is of the order usually found in the right-hand side of the 
log ǻİ-log Nf -diagram, which corresponds to the situation where the elastic strain dominates. This further justifies 
the use of the adopted total strain range approach. 
Fig. 3. The element numbering for the searched elements of the smooth specimen 
The notched test specimens were simulated taking the individual misalignment and the applied strain ranges for 
each specimen into consideration, and the same ț-values as the smooth ones were used. As mentioned previously, 
the horizontal projection of the secondary crystal orientation is to be located in the center of the notch. Therefore, 
the crystal orientations are rotated around the a3-axis of the FE-model to align the horizontal projection of the [100] 
direction with the notch, see Figure 2. The purpose of these simulations, compared to the simulations of the smooth 
test specimens, is that we now wish to calculate the number of cycles to fatigue crack initiation from Eq. (8) rather 
than determining the parameters. Thus, by reworking Eq. (8) one receives the following expression 
12018.0/1
max
030742.0

¸
¹
·¨
©
§ ' JiN (9) 
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Table 5. The maximum total shear strain range in the critical slip system with the associated element for each smooth specimen 
Specimen Element Critical slip system ǻȖmax 
S1[001] 2 (111)[Ư01] 0.02214 
S2[001] 6 (1ƯƯ)[Ư0Ư] 0.02083 
S3[001] 7 (111)[Ư01] 0.01936 
S4[001] 10 (111)[Ư01] 0.01745 
S5[011] 20 (111)[Ư01] 0.01451 
S6[011] 18 (111)[Ư01] 0.01645 
S7[011] 19 (111)[Ư01] 0.01271 
S8[011] 9 (111)[Ư01] 0.01231 
S9[Ư11] 8 (111)[1Ư0] 0.01571 
S10[Ư11] 14 (111)[1Ư0] 0.01303 
S11[Ư11] 10 (111)[1Ư0] 0.01095 
S12[Ư11] 11 (111)[Ư01] 0.00518 
Fig. 4. The ǻȖmax versus the experimental number of cycles to fatigue crack initiation plotted in a log-log scale for the smooth specimens 
In these simulations, the elements located on the surface in the arched part of the notch are searched for critical 
planes. The number of cycles to fatigue crack initiation, determined from the simulations and Eq. (9), can be found 
in Table 6, see also Figure 5 for the location of the critical elements. As can be seen, the numerically found values 
for the number of cycles to fatigue crack initiation in the notched specimens are lower than the experimentally 
obtained ones stated in Table 1. This can be explained by the fact that the most strongly loaded volume of the 
notched specimen is smaller than that of the smooth one, see e.g. [21], [22]. Thus, Eq. (9) (using the parameters 
obtained from the smooth test specimens) yields a shorter life than what was obtained experimentally for the 
notched test specimens. Based on this, we can draw the conclusion that the behaviour of the simulation tool in the 
notched specimen context is qualitatively correct. 
Table 6. The simulated number of cycles to fatigue crack initiation for the notched specimens 
Specimen Element Critical slip system ǻȖmax Cycles, Ni
N1[001] 35 (ƯƯ1)[0ƯƯ] 0.01661 167
N2[001] 43 (ƯƯ1)[0ƯƯ] 0.01461 488
N3[001] 43 (ƯƯ1)[0ƯƯ] 0.01195 2595
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Fig. 5. The elements which experience the maximum strain range of the notched specimens 
5. Conclusions 
In this paper the fatigue crack initiation was investigated in a single-crystal superalloy by use of a critical plane 
approach, where the maximum total shear strain ranges on the crystallographic slip systems were used to find the 
critical slip systems. These were in turn used to determine the life function based on experiments performed on 
smooth test specimens. From the simulated results it can be seen that the critical slip system approach works well for 
estimating the number of cycles to fatigue crack initiation. However, in order to handle the situation of a notched 
test specimen or component it becomes evident that one need to address the issue of defect probability (a fatigue 
notch factor), in order to get a better match between simulations and experiments. 
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